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Abstrat
We ompare several denitions for number-onserving ellular au-
tomata that we prove to be equivalent. A neessary and suient
ondition for ellular automata to be number-onserving is proved.
Using this ondition, we give a linear-time algorithm to deide number-
onservation.
The dynamial behavior of number-onserving ellular automata is
studied and a lassiation that fouses on haotiity is given.
Keywords: Cellular automata, deidability, disrete dynamial systems
1 Introdution
Cellular automata are widely known as formal models for omplex systems
ruled by loal interations [28, 25, 13, 23, 26℄. Despite of their apparent
simpliity they display a rihness of behaviors most of whih are not yet fully
understood. The lassiation of these behaviors has a main obstale: most
of the interesting properties about them are undeidable [16℄. Moreover,
some other properties are dimension sensitive; for example, surjetivity is
deidable in polynomial time for one-dimensional CA and undeidable for
dimension ≥ 2 [15, 10, 8℄.
We prove that number-onservation, a widely used property, an be de-
ided in linear time (in the size of the CA) in any dimension. More preisely,
it has linear time omplexity if we assume that the aess to the transition
table osts onstant time, independently of the dimension of the spae. Oth-
erwise the omplexity is O(s log s), where s is the size of the transition table.
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A preliminary work had been arried out for one-dimensional CA on iru-
lar ongurations (periodi boundary onditions) by Boara et al. in [4, 3℄.
The deision problem in higher dimensions and general boundary onditions
that we solved in the present paper is rather surprising and ould not be
expeted from earlier works.
CA that satisfy number-onservation property are alled number-onser-
ving (NCA); roughly speaking they onserve the number of bits during their
evolution. This lass of CA has been introdued by [24℄ and is reeiving a
growing interest in Physis as a soure for models of partiles systems ruled
by onservations laws of mass or energy.
Great attention has reeived the appliation of NCA to pratial situa-
tions suh as highway tra ows. In this ontext dierent denitions of
number-onservation were given aording to the type of boundary on-
ditions assumed (periodi, nite, innite) [24, 4, 3℄. In Setion 2 we prove
that all of them are equivalent. We also give another equivalent denition
in terms of densities. Setion 3 is devoted to the proof of our main re-
sult: the linear time deision algorithm. In the seond part of the paper we
study NCA dynamis with fous on haoti behavior. Number-onservation
imposes strong simpliations in the dynamis allowing (in most ases)
lear-ut situations that are not observed in the general ase.
We stress that the lass of NCA is not only big enough to give reliable
models for ar tra and similar models allowing the study of tra jams,
ritial tra masses, rossing-roads, ar aidents et. But also they are
interesting from a pure omputer siene point of view. For instane Morita
et al. have given a reversible two-dimensional NCA apable of universal om-
putation [20, 21℄.
2 Denitions
We present in this setion several denitions of number-onserving ellu-
lar automata that we prove to be equivalent. Proofs are given in a one-
dimensional spae but an be generalized to any dimension.
Cellular automata are formally dened as quadruples (d, S, N, f). The
integer d is the dimension of the spae the ellular automaton will work
on. S = {0, 1, . . . , s} is alled the set of states. The neighborhood N =
(x1, . . . xv) is a v-tuple of distint vetors of Z
d
. The xi's are the relative
positions of the neighbor ells with respet to the ell, the new state of whih
is being omputed. The states of these neighbors are used to ompute the
new state of the enter ell. The loal funtion of the ellular automaton
f : Sv 7→ S gives the loal transition rule.
A onguration is an appliation from Z
d
to S. The set of ongurations
is SZ
d
on whih the global funtion A of the ellular automaton is dened
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via f :
∀c ∈ SZ
d
,∀i ∈ Zd, A(c)(i) = f(c(i+ x1), . . . , c(i+ xv)).
We denote by CP the set of (spatial) periodi ongurations, (i.e., on-
gurations that are periodi in all dimensions of the spae). We denote by
π(c) the period of a periodi onguration (i.e., a vetor.) The expression
0 ≤ k ≤ π(c), k ∈ Zd means ∀1 ≤ i ≤ d, 0 ≤ ki ≤ π(c)i where d is the
dimension of the spae and ki is the i-th omponent of k.
Denition 1 Let A be a d-dimensional ellular automaton. A is said to be
periodi-number-onserving (PNC) i
∀c ∈ CP ,
∑
0≤k≤π(c)
c(k) =
∑
0≤k≤π(c)
A(c)(k).
We denote by CF the set of nite ongurations, (i.e., those ongurations
that are almost everywhere equal to zero  non-zero in a nite number of
ells).
Denition 2 Let A be a d-dimensional ellular automaton. A is said to be
nite-number-onserving (FNC) i
∀c ∈ CF ,
∑
i∈Zd
c(i) =
∑
i∈Zd
A(c)(i).
We denote by C the set of all ongurations.
Denition 3 Let A be a d-dimensional ellular automaton. A window is
a hyperube of Z
d
entered in 0 thus determined by its size. Consider the
sequene of windows {Fn} of size 2n + 1 and denote by µn(c) the sum of
states in Fn of a onguration c ∈ C. A is said to be number-onserving
(NC) i
∀c ∈ C, lim
n→∞
µn(c)
µn(A(c))
= 1.
Remark that all these denitions imply that f(0, 0, . . . , 0) = 0, i.e., 0 is
a quiesent state. The onguration with all quiesent states is denoted uz.
We are going to prove that all previous denitions are equivalent. The
proof is given in dimension 1; the generalization to higher dimensions is
straightforward.
Proposition 1 A ellular automaton A is FNC if and only if it is PNC.
3
Proof. We rst prove that if A is PNC then it is FNC. We show that if A is
not FNC then it is not PNC either.
Let A be not FNC, then
∃c˜ ∈ CF ,∃α, β ∈ N, α =
∑
i∈Z
c˜(i) 6=
∑
i∈Z
A(c˜)(i) = β.
Let k be the length of the non-zero part of c˜ and l the radius of the
neighborhood of A. Then, the length of the non-zero part of A(c˜) is at most
k + 2l (see Figure 1).
Let ĉ be the periodi onguration onstruted from c˜ in the following
way. We add l zeros at both sides of the non-zero part of c˜ and we onstrut
a periodi onguration with the segment obtained (suh a onguration has
a period p = k + 2l, see Figure 1).
~c :
~cA ( ) :
^
A ( ) :c^
c
k
: ... ...000 0... ...
k
0 0 0000... ... ...
k
0 0 00 0... ... ...
l l
l l
000 0... ... 000 0... ...
Figure 1: Constrution of the periodi onguration
We have ∑
0≤i≤p
ĉ(i) = α 6= β =
∑
0≤i≤p
A(ĉ)(i),
hene A is not PNC.
We now prove that if A is FNC then it is PNC. We show that if A is not
PNC then it is not FNC either.
Let l be the radius of the neighborhood. As A is not PNC,
∃p, α, β ∈ N,∃ĉ ∈ CP ,
∑
0≤i≤p
ĉ(i) = α 6= β =
∑
0≤i≤p
A(ĉ)(i),
where p is the period of ĉ.
We denote by
ĉp the p-length segment of ĉ entered at the origin;
ĉpSuxl the l-length sux of ĉp;
ĉpPrexl the l-length prex of ĉp.
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We onstrut a nite onguration c˜ ∈ CFA as shown in Figure 2: we
repeat ĉp x times and we omplete the segment obtained in this way with
ĉpPrexl at the right-hand-side and with ĉpSuxl at the left-hand-side of the
segment.
^c :
p
A ( ) :^c
p
^cp
^cp
^cp
x times
A ( ) :c~
pA(c)^ pA(c)^pA(c)^
~c : ... ... 00 ......
^cpSuffix
^cpPrefixl l
...0 0 ......
^c1
^c2
l l
l2 l2
Figure 2: Constrution of the nite onguration
Then,
∑
i∈Z
c˜(i) = x
p∑
i=1
ĉp(i)︸ ︷︷ ︸
xα
+
l∑
i=1
ĉpPrexl(i)︸ ︷︷ ︸
≤ls
+
l∑
i=1
ĉpSuxl(i)︸ ︷︷ ︸
≤ls
and
∑
i∈Z
A(c˜)(i) = x
p∑
i=1
A(ĉp)(i)︸ ︷︷ ︸
xβ
+
l∑
i=1
A(ĉpPrexl)(i)︸ ︷︷ ︸
≤2ls
+
l∑
i=1
A(ĉpSuxl)(i)︸ ︷︷ ︸
≤2ls
.
We obtain the following inequalities:
xα ≤
∑
i∈Z
c˜(i) ≤ xα+ 2ls and
xβ ≤
∑
i∈Z
A(c˜)(i) ≤ xβ + 4ls.
Suppose that α < β. If we hoose an integer x suh that x > 2ls
β−α
, we
are in a ontradition with the previous inequalities.
Similarly, if α > β then the ontradition is obtained by hoosing x >
4ls
α−β
.
Hene, if A is not PNC, it is not FNC either. 
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Proposition 2 A ellular automaton A is NC if and only if it is FNC.
Proof. We rst show that if A is not FNC then it is not NC either. Let A
be a ellular automaton with a neighborhood of radius l. If A is not FNC
then there exist an integer γ and a onguration c in CF suh that
∑
i∈Z
c(i) =
γ∑
i=−γ
c(i) 6=
γ+l∑
i=−γ−l
A(c)(i) =
∑
i∈Z
A(c)(i).
Let {Fn} be a sequene of windows of size tending to the innity, entered
on the non-quiesent part of c. As the non-quiesent part of c is nite, there
exists k suh that, for all n ≥ k,
µn(c) =
γ∑
i=−γ
c(i) 6=
γ+l∑
i=−γ−l
A(c)(i) = µn(A(c)).
Hene, lim
n→=∞
µn(c)
µn(A(c))
6= 1, so A is not NC.
Now assume that A is not NC. Then there exists a onguration c suh
that
µn(c)
µn(A(c))
does not onverge to 1. Now let us all frontier of the window
the stripe of width the diameter of the neighborhood at the window border.
Let us now ount ξn(c) the number of non-zero ells of c in this frontier.
First ase: ∀a,∃n, µn < an. Thus there exist onseutive subsequenes
of unbounded size in whih µn(c) is onstant. Let us onsider suh a sub-
sequene of length greater than the neighborhood. The frontier of the last
window is thus full of zeros. Hene we an ut o the internal part, sur-
round it by 0's and thus obtain a nite onguration. As A is not NC, it is
not FNC either.
Seond ase: ∃a,∀n, µn > an. The idea is to ut o the windows to
form periodi ongurations. We an bound the perturbation on µn(A(x) by
the number of non-zero ells in the frontier multiplied by the maximal state (a
onstant). We then remark that with the hypothesis above, ξn(c) = o(µn(c)).
Thus for n suiently big, the unbalane of the ratio
µn(c)
µn(A(c))
is transmitted
to the periodi onguration obtained. Therefore A is not PNC and so not
FNC. 
3 A neessary and suient ondition
We present below a neessary and suient ondition for number-onservation.
Our ondition is rather ompliated to onstrut. For the sake of simpliity,
we rst present it in dimension 2 with a square neighborhood 2 × 2. Then
we give the ondition for neighborhood n×m (proof skethed).
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Proposition 3 Let A = (2, N,Q, f) be a 2D ellular automaton with N =(
(0, 0) (0, 1)
(0,−1) (1,−1)
)
and thus f : Q4 → Q. A is number-onserving if and
only if
f
(
a b
c d
)
= a +
[
f
(
0 0
0 c
)
− f
(
0 0
0 a
)]
+
[
f
(
0 0
0 b
)
− f
(
0 0
0 d
)]
+
[
f
(
0 0
c d
)
− f
(
0 0
a b
)]
+
[
f
(
0 b
0 d
)
− f
(
0 a
0 c
)]
.
Proof. We rst show that the ondition is neessary. Assume that A is NC,
let us denote by ♮c the sum of the states in a nite onguration c of A. As
A is in partiular FNC (see Prop. 1)
♮A


... ... ... ... ... ...
... 0 0 0 0 ...
... 0 a b 0 ...
... 0 c d 0 ...
... 0 0 0 0 ...
... ... ... ... ... ...


= a+ b+ c+ d.
Moreover,
a+ b+ c+ d = f
(
0 0
0 a
)
+ f
(
0 0
b 0
)
+ f
(
0 c
0 0
)
+ f
(
d 0
0 0
)
+f
(
0 0
a b
)
+ f
(
c d
0 0
)
+ f
(
0 a
0 c
)
+ f
(
b 0
d 0
)
+f
(
a b
c d
)
(1)
Replaing a by 0 yields:
b+ c+ d = f
(
0 0
b 0
)
+ f
(
0 0
0 b
)
+ f
(
0 c
0 0
)
+ f
(
0 0
0 c
)
+f
(
d 0
0 0
)
+ f
(
c d
0 0
)
+ f
(
b 0
d 0
)
+ f
(
0 b
c d
)
(2)
Subtrating (2) from (1) we obtain:
f
(
a b
c d
)
= a +f
(
0 0
0 b
)
+ f
(
0 0
0 c
)
+ f
(
0 b
c d
)
−f
(
0 0
0 a
)
− f
(
0 0
a b
)
− f
(
0 a
0 c
)
(3)
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Setting b = 0 in (2), we have also:
c+ d = f
(
0 0
0 c
)
+ f
(
0 c
0 0
)
+ f
(
0 0
d 0
)
+ f
(
d 0
0 0
)
+f
(
0 0
c d
)
+ f
(
c d
0 0
)
(4)
Subtrating (4) from (2) we obtain:
f
(
0 b
c d
)
= b +f
(
0 0
d 0
)
+ f
(
0 0
c d
)
− f
(
0 0
0 b
)
−f
(
0 0
b 0
)
− f
(
b 0
d 0
)
(5)
We replae this term in (3):
f
(
a b
c d
)
= a+ b− f
(
b 0
d 0
)
+ f
(
0 0
c d
)
− f
(
0 0
a b
)
+ f
(
0 0
0 c
)
−f
(
0 0
0 a
)
+ f
(
0 0
d 0
)
− f
(
0 0
b 0
)
− f
(
0 a
0 c
)
(6)
If A is FNC then
♮A


... ... ... ... ...
... 0 0 0 ...
... 0 b 0 ...
... 0 d 0 ...
... 0 0 0 ...
... ... ... ... ...


= b+ d.
After similar aluli as above with the substitution of b by 0, we obtain
f
(
b 0
d 0
)
= b+ f
(
0 0
0 d
)
+ f
(
0 0
d 0
)
− f
(
0 0
0 b
)
− f
(
0 0
b 0
)
−f
(
0 b
0 d
)
(7)
By replaing this term in (6), we obtain exatly the formula of our Propo-
sition.
Let us prove now that this ondition implies PNC. Then by Prop. 1,
the theorem is proved. Consider a periodi onguration. Now sum this
ondition on the period; the terms [f(. . . ) − f(. . . )] simplify and we get
exatly the ondition for PNC hene for NC. 
We now give the ondition for more general neighborhood in dimension 2.
We assert that an analogous formula an be obtained for higher dimension.
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Theorem 1 Let A = (2, N,Q, f) be a 2D ellular automaton with
N =


(0, 0) (0, 1) . . . (0, n − 1)
(1, 0) (1, 1) . . . (1, n − 1)
.
.
.
.
.
.
.
.
.
(m− 1, 0) (m− 1, 1) . . . (m− 1, n − 1)


and thus f : Qm×n → Q. A is number-onserving if and only if
f


x1,1 x1,2 . . . x1,n
x2,1 x2,2 . . . x2,n
.
.
.
.
.
.
.
.
.
xm,1 xm,2 . . . xm,n

 = x1,1
+
m−1∑
i=0
n−2∑
j=0
f


0 . . . 0
.
.
.
.
.
.
0 . . . 0︸ ︷︷ ︸
j+1

i 0
0
x1,2 . . . x1,n−j−1
x2,2 . . . x2,n−j−1
.
.
.
.
.
.
.
.
.
xm−i,2 . . . xm−i,n−j−1


+
m−2∑
i=0
n−1∑
j=0
f


0 . . . 0
.
.
.
.
.
.
0 . . . 0︸ ︷︷ ︸
j

i+1 0
0
x2,1 . . . x2,n−j
x3,1 . . . x3,n−j
.
.
.
.
.
.
.
.
.
xm−i−1,1 . . . xm−i−1,n−j


−
m−1∑
i=0
n−1∑
j=0(i+j>0)
f


0 . . . 0
.
.
.
.
.
.
0 . . . 0︸ ︷︷ ︸
j

i 0
0
x1,1 . . . x1,n−j
x2,1 . . . x2,n−j
.
.
.
.
.
.
.
.
.
xm−i,1 . . . xm−i,n−j


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−
m−2∑
i=0
n−2∑
j=0
f


0 . . . 0
.
.
.
.
.
.
0 . . . 0︸ ︷︷ ︸
j+1

i+1 0
0
x2,2 . . . x2,n−j−1
x3,2 . . . x3,n−j−1
.
.
.
.
.
.
.
.
.
xm−i−1,2 . . . xm−i−1,n−j−1


Proof. We give only the sketh of the proof. In order to show that the
ondition is neessary, we start from the onguration
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. . . 0 0 0 0 0 . . .
. . . 0 x1,1 x1,2 . . . x1,n 0 . . .
. . . 0 x2,1 x2,2 . . . x2,n 0 . . .
.
.
. 0
.
.
.
.
.
.
.
.
. 0
.
.
.
. . . 0 xm,1 xm,2 . . . xm,n 0 . . .
. . . 0 0 0 0 0 . . .
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
As A is FNC, we have x1,1+x1,2+. . .+xm,n = sum of states obtained in eah
ell after the appliation of A, that is the sum of all f(. . . ); we substitute
in this equation x1,1 by 0, then x1,2 by 0, and so on, up to x1,n. Then we
obtain an analogous formula to (6)
f


x1,1 x1,2 . . . x1,n
x2,1 x2,2 . . . x2,n
.
.
.
.
.
.
.
.
.
xm,1 xm,2 . . . xm,n

 = x1,1 + x1,2 + . . .+ x1,n
−f


x1,2 x1,3 . . . x1,n 0
x2,2 x2,3 . . . x2,n 0
.
.
.
.
.
.
.
.
.
.
.
.
xm,2 x1,2 . . . xm,n 0

+ . . .
Then, in order to obtain the nal formula, starting from the onguration
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. . . 0 0 0 0 0 . . .
. . . 0 x1,2 x1,3 . . . x1,n 0 . . .
. . . 0 x2,2 x2,3 . . . x2,n 0 . . .
.
.
. 0
.
.
.
.
.
.
.
.
. 0
.
.
.
. . . 0 xm,2 xm,3 . . . xm,n 0 . . .
. . . 0 0 0 0 0 . . .
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
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we establish the equation for
f


x1,2 x1,3 . . . x1,n 0
x2,2 x2,3 . . . x2,n 0
.
.
.
.
.
.
.
.
.
.
.
.
xm,2 xm,3 . . . xm,n 0

 .
Then, we substitute x1,2 by 0, then x1,3, and so on, up to x1,n.
The ondition is suient: for periodi ongurations, when alulating
the sum of states on the period, every f -term is present two times. If it is
present in the sum of f -terms with x1,1 (resp. x2,2) as rst non-zero element,
then it is present in the sum of f -terms with x1,2 (resp. x2,1) as rst non-zero
element. We so have as sum of states on a period
∑m
i=1
∑n
j=1 xi,j . Hene
this ondition implies PNC and by Prop. 1 the theorem is proved. 
Theorem 2 The property number-onserving is deidable in O(s log s) for
ellular automata of any dimension, where s denotes the size of the transition
table.
Proof. Remark that the number of terms of our ondition in Th. 1 is propor-
tional to the number of neighbors. Thus the set of onditions to be heked
is of size proportional to the size of the loal transition rule of the ellular
automata, whih is upper bounded by the size of the ellular automaton in
the hosen representation. Aess to the table osts at most O(log s). 
Remark that if ellular automata are given by a program omputing their
rule and not by the rule exhaustively, then our theorem does not hold. This
drawbak is often present in ellular automata theory. But if we onsider
that aess to the transition table is performed in onstant time, then the
algorithm is linear.
4 Dynamis
NCA are often used for the simulation of real phenomena suh as highway
tra ow, uid dynamis and so on. Therefore, one we have established
that our model is a NCA (by using the deision proedures given in the rst
part of the paper, for example), it is very important to foreast as muh
as possible its dynamis and, whenever possible, orrelate experimental evi-
dene (suh as pattern growth) with other interesting theoretial properties.
This is the matter of this seond part of the paper.
4.1 Denitions and bakground
A dynamial system (X,F ) onsists of a ompat metri spae X and a on-
tinuous self-map F . Denote d the metri onX and Fn the n-fold omposition
of F with itself.
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We rst reall some lassial denitions. A point x ∈ X is an equionti-
nuity point for F if for any ǫ > 0 there exists δ > 0 suh that for any y ∈ X,
d(x, y) ≤ δ implies that ∀t ∈ N, d(F t(x), F t(y)) < ǫ. If X is perfet and
all of its points is an equiontinuity point for F then F is equiontinuous.
A dynamial system (X,F ) is sensitive to initial onditions if there exists
ǫ > 0 suh that for any x ∈ X and any δ > 0, 0 < d(x, y) < δ implies that
there exists t ∈ N suh that d(F t(x), F t(y)) ≥ ǫ. We reall that in a perfet
spae any system with no equiontinuity points is sensitive to initial ondi-
tions and vie-versa. (X,F ) is expansive if there exists ǫ > 0 suh that for
any x, y ∈ X, d(x, y) > 0 implies that ∃t ∈ N suh that d(F t(x), F t(y)) ≥ ǫ.
If for any pair of non-empty open set U, V there exists n ∈ N suh that
Fn(U) ∩ V 6= ∅ then F is transitive. A point x is periodi if there exists
n ∈ N suh that Fn(x) = x. F is regular if periodi points are dense in X.
Properties like sensitivity, expansivity, transitivity and regularity are of-
ten used as basi omponents of haoti behavior. For example, Devaney, in
a popular book [9℄, denes as haoti all systems that are transitive, regular
and sensitive to initial onditions.
We are interested in the study of dynamial systems in symboli spaes.
SZ
k
is endowed with the produt topology (also alled Cantor topology) of a
ountable produt of disrete spae. For the sake of simpliity, we will study
ellular automata in dimension k = 1, the generalization of results to higher
dimensions is straightforward for most of the results; Propositions 8 to 11
require deeper adaptations although no new idea is needed.
The metri d on SZ dened as
∀x, y ∈ SZ, d(x, y) = 2−n
where n = inf {i ≥ 0, x(i) 6= y(i) or x(−i) 6= y(−i)} indues the produt
topology on SZ. Denote by S⋆ the set of nite words on S. For w ∈ S⋆,
ℓ (w) denotes the length of w. For t ∈ Z, w ∈ S⋆, the sets
[w]t =
{
x ∈ SZ, x(t) = w(0), . . . , x(t+ ℓ (w)) = w(ℓ (w))
}
are alled ylinders and form a basis for the produt topology on SZ. The
shift map σ is often used as a paradigmati example of haoti symboli
system. It is dened as ∀c ∈ SZ,∀i ∈ Z, σ(c)(i) = c(i + 1). Cellular
automata are exatly those ontinuous maps from SZ to SZ that ommute
with the shift (i.e., F ◦ σ = σ ◦ F ) [14℄.
4.2 Classiation of dynamial behavior
In spite of their very simple denition ellular automata may have omplex
dynamial behavior (see for example [28℄). The lassiation of these dy-
namial behaviors is known as the lassiation problem is one of the oldest,
hardest and for this reason fasinating open problem in ellular automata
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theory. During the years many authors have proposed partial solutions (be-
ause of their undeidability). Eah lassiation fouses on a partiular
aspet of ellular automata theory. For example, if one is interested in sim-
ulations of real life phenomena like ar tra (e.g. using number-onserving
ellular automata that we all NCA for short), the study of dynamis on -
nite patterns deserves a partiular importane. In this ontext a well-known
lassiation of ellular automata with quiesent state is given in [5, 6℄. In
these papers ellular automata are lassied aording to their pattern di-
vergene. Three lasses of behavior are dened:
C1: ∀x ∈ CF limt→∞ ℓ
(
F t(x)
)
= 0
C2: ∀x ∈ CF supt∈N ℓ
(
F t(x)
)
<∞
C3: ∃x ∈ CF supt∈N ℓ
(
F t(x)
)
=∞
People familiar with the study of omplex analyti transformations will im-
mediately remark the strong analogies with Julia and Fatou sets of omplex
transformations [2℄.
This lassiation is espeially pertinent for NCA sine 0 is neessarily a
quiesent state.
In the study of haoti behavior one often nds that omplex behavior
is generated from simple loal interations. Again, using the metaphor
of ar tra, tra-jams and their onsequenes are generated by a bad
interation of a relatively small number of ars. In [18℄, K·rka proposed
a lassiation based on loal behavior of ellular automata and inreasing
degrees of haos. K·rka proposed the following lasses:
K1: equiontinuous ellular automata;
K2: ellular automata with equiontinuity points but not equiontinuous;
K3: ellular automata sensitive to initial onditions but not expansive;
K4: expansive ellular automata.
The following result is adapted from Knudsen [17℄. By using Proposition 4
one an express the properties dening (most of) K·rka lasses in term of
behavior on nite patterns.
Proposition 4 F is transitive (resp. sensible to initial onditions, equi-
ontinuous) w.r.t. nite ongurations if and only if F is transitive (resp.
sensible to initial onditions, equiontinuous).
The same result holds if in Proposition 4 we onsider the set of spatial
periodi ongurations instead of nite ongurations. In the rest of the
setion, we study the relations between dynamial behavior of NCA and the
lassiations of K·rka and Cattaneo.
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Given x ∈ CF , let
m(x) = min {i ∈ Z, x(i) 6= 0} , M(x) = max {i ∈ Z, x(i) 6= 0} and
s(x) =
M(x)∑
m(x)
x(i).
Remark that ∀x ∈ CF , m(σ
k(x)) = m(x) − k (the same holds if we put M
in plae of m).
Proposition 5 The are no expansive NCA.
Proof. For dimension greater than 1, this is a onsequene of the well-known
result of Shereshevsky [27℄. Consider a one-dimensional NCA F . Suppose
that F is expansive with expansive onstant ǫ. Let i ∈ N be suh that 1
2i
< ǫ.
Construt a nite onguration ci(j) = 1 if i = j, 0 otherwise. Sine F is
expansive there exists t1 suh that d(F
t1(0), F t1(ci)) > ǫ. For the same
reason there exists t2 suh that d(F
t2(0), F t2(c−i)) > ǫ. Therefore there
exists a time t ≥ max {t1, t2} for whih F
t(ci) onsists of at least two 1's,
violating FNC ondition. 
Lemma 1 Let F be a NCA. For any x ∈ CF , there exists cx ∈ N suh that
∀t ∈ N, ℓ
(
F t(x)
)
≥ cx.
Proof. Let x ∈ CF . Sine eah ell an ontribute at most q − 1 to the sum
s(x), it holds that ∀t ∈ N, ℓ
(
F t(x)
)
≥ ⌈s(x)
q−1⌉. 
The following proposition is a trivial onsequene of Lemma 1.
Proposition 6 There are no NCA in lass C1.
Proposition 7 There are no NCA in lass K1 ∩ C3.
Proof. Let F be a ellular automaton in C3 and let c be suh that
lim
t→∞
ℓ
(
F t(c)
)
=∞ . (8)
We have two ases:
1. sup
t∈N
m(F t(c)) = −∞;
2. sup
t∈N
m(F t(c)) = c ∈ Z and sup
t∈N
M(F t(c)) =∞ .
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We onsider only the former ase, the proof for the latter is similar. For any
δ > 0, let n¯ ∈ N be suh that 1
n¯
≤ δ ≤ 1
n¯−1 . By (8), there exists a time t suh
that m(F t(c)) = −h > n¯. Therefore d(0, σ−h(c)) ≤ δ. Sine F ommutes
with σ, we have
m(F t(σ−h(c))) = m(σ−h(F t(c))) = m(F t(c)) + h = 0
whih implies that
d(F t(σ−h(0)), F t(σ−h(c))) = d(0, F t(σ−h(c))) = 1 .
Sine δ is arbitrary, last inequality implies that 0 is not an equiontinuity
point. Sine we are in a perfet spae we onlude that F is not an equion-
tinuous system. 
A word W ∈ S⋆ is alled bloking word if there exists an innite sequene of
words wn suh that
1. ∀n ∈ N, ℓ (wn) = 2h+ 1 > r with h ∈ N;
2. ∀c ∈ SZ , (c−k:k = W ⇒ ∀t ∈ N \ {0} F
t(W )−i:i = wt) .
In other words W partitions the evolution diagram of F in two ompletely
disonneted parts: perturbations made in one part are ompletely bloked
by W . This notion is fundamental for haraterizing ellular automata dy-
namis in the presene of equiontinuity points as we an see in the next
proposition. It will also be ruial in the proof of Proposition 11.
Proposition 8 ([1℄) Any equiontinuity point has an ourrene of a blok-
ing word. Conversely if there exist bloking words, then any point with in-
nitely many ourrenes of a bloking word to the left and to the right (of
0) is an equiontinuity point.
Proposition 9 ([1℄) Let X be a σ-transitive SFT. If F has an equiontinu-
ity point then (F onto ⇔ regular).
The above proposition implies that surjetive NCA in lass K2 ∩C3 are
regular.
Proposition 10 ([1℄) A ellular automaton F is equiontinuous and onto
if and only if ∃p > 0 suh that ∀c ∈ SZ, F p(c) = c.
A onsequene of the above proposition is that surjetive NCA in lass
K1 ∩ C2 are periodi and non-surjetive ones are ultimately periodi.
Proposition 11 There are no NCA in lass K2 ∩ C2.
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Proof. Sine we are in a perfet spae if a ellular automaton is not equionti-
nuous then there exists at least a onguration c whih is not an equiontinu-
ity point. By Proposition 4 we an assume that c is nite. By the hypothesis,
there exists a onstant K suh that ∀t ∈ N, ℓ (Fn(c)) ≤ K. Assume that
limt→∞m(F
t(c)) = −∞ (if this is not the ase then limt→∞m(F
t(c)) = +∞
and the rest of the proof will be perfetly similar). On the other hand, there
exists at least an equiontinuity point and, by Proposition 8, there exists at
least a bloking word W . Construt a onguration d suh that
∀i ∈ Z, d(i) =


c(i) if m(c) ≤ i ≤M(c)
W (i) if 2M(c) ≤ i ≤ 2M(c) + ℓ (b)
0 otherwise .
It is lear that lim
t→∞
ℓ
(
F t(d)
)
= +∞. 
For any ellular automaton F , denote FF the restrition of F to CF and
FP the restrition of F to CP .
Proposition 12 A NCA F is surjetive if and only if its restrition to FF
is bijetive.
Proof. One impliation is the well-known Moore-Myhill theorem [19, 22℄.
For the onverse, remark that if F is surjetive every nite onguration has
a pre-image. The FNC ondition grants that this pre-image is nite. 
The following denition is essentially taken from [7℄.
Denition 4 A ellular automaton < SZ, G > is said to be a generalized
subshift on the set U ⊆ SZ i
1. U is G positively invariant i.e., G(U) ⊆ U ;
2. there exists a mapping T, T ′ : SZ → N\{0} suh that ∀c ∈ U, GT (c)(c) =
σT
′(c)(c).
The following lemma present peuliar properties of the shifting funtion
of generalized subshifts on CF .
Lemma 2 Let F be a generalized subshift on CF and let T, T
′
as in Deni-
tion 4. Then either ∀x ∈ CF , T (x) = T
′(x) or ∀x ∈ CF , T (x) = −T
′(x).
Proof. By ontraposition, suppose that there exist x, y ∈ X suh that
T (x) = T ′(x) and T (y) = −T ′(y). Let nx = max0≤i≤T (x) ℓ
(
F i(x)
)
and
ny = max0≤i≤T (y) ℓ
(
F i(y)
)
. Build the following nite onguration
∀i ∈ Z, w(i) =


y(i+ ℓ (y)) if − ℓ (y)− ny ≤ i ≤ −1− ny
x(i− 1) if 1 + nx ≤ i ≤ ℓ (x) + nx
0 otherwise .
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Sine limt→∞ ℓ
(
F t(w)
)
= +∞ there exists no n ∈ Z\{0} suh that Fn(w) =
σn(w) or Fn(w) = σ−n(w). 
The following lemma links properties of the evolution of F with set properties
of the maps FF and FP .
Lemma 3 Let F be a transitive ellular automaton. Then FF is bijetive
and FP is surjetive.
Proof. It is well-known that transitivity implies surjetivity. By Moore-
Myhill theorem, this last property implies that FF is injetive. By Proposi-
tion 4, transitive ellular automata are transitive over CF . This fat implies
that FF is surjetive. Using Proposition 4 again, we have that transitive
ellular automata are transitive over CP and hene FP is surjetive. 
Proposition 13 Generalized subshift ellular automata on CF are transitive
and regular.
Proof. Let F be a generalized subshift ellular automaton on CF and T, T
′
as in Denition 4. We are going to prove that F is transitive on CF ; by
Proposition 4 we have the rst part of the thesis. For any ylinder set
[w]t, let w¯ the nite onguration suh that w¯i+t = wi+t for 0 ≤ i ≤ ℓ (w)
and 0 elsewhere. Take two arbitrary ylinder sets [w]t and [z]l. Let nw¯ =
max0≤i≤T (w¯) ℓ
(
F i(w)
)
and nz¯ = max0≤i≤T (z¯) ℓ
(
F i(z)
)
. Let m = T (w¯)T (z¯).
Finally, hoose k, q ∈ Z suh that q > nz¯ + nw¯ and t = km + q. Build a
nite onguration c suh that c = w¯ ⊕ σkm+q(z¯), where ⊕ is the bitwise
or operation. It is not diult to see that F km+q(c) ∈ [z] and c ∈ [w]; this
ompletes the rst part of the proof.
Sine CF is dense in S
Z
, for any onguration x ∈ SZ, there exist a
sequene {ui}i∈N ⊆ CF suh that limi→∞ ui = x. and let
nui = max
0≤j≤T (ui)
ℓ
(
F j(ui)
)
.
For any ui, build a spatial periodi onguration
yi = 0
2nxixi0
2nxi02nxixi0
2nxi . . . 02nxixi0
2nxi . . .
suh that (yi)k = (xi)k for m(xi) ≤ k ≤ M(xi). Clearly yi is ultimately
periodi for F . By Lemma 3 we have that it is in fat periodi. The fat
that limi→∞ yi = x loses the proof. 
From Proposition 13 and [12, 18℄, generalized subshift ellular automata on
CF are sensitive to initial onditions.
When studying asymptoti behavior of a ellular automaton it is of fun-
damental importane to understand the struture of the so alled limit set
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Ω = ∩n∈NF
n(SZ). This set an be viewed as the set of ongurations whih
have an innite number of predeessors. It is well-known that is ompat,
non-empty and that it is the maximal (w.r.t. set inlusion) attrating set.
In the sequel we will very interested in a speial subset of the limit set:
ΩF = ∩n∈NF
n(CF ) ⊆ CF , that is the set of nite ongurations whih have
an innite number of predeessors (of nite type). One an easily see that
for any ellular automaton this set is non-empty for it should ontain at least
one homogeneous onguration. In the partiular ase of NCA, the follow-
ing easy proposition proves that the ardinality of ΩF is always ountably
innite.
Proposition 14 For any NCA, Ω is an unountable set while the ardinality
of ΩF is ountably innite.
Proof. Let c1 be the onguration that has a 1 in zero and 0 elsewhere.
Let h = |m(F (c1))| (for a ∈ Z, |a| is the absolute value of a). Let ab =
02h+1b02h+1 for b ∈ {0, 1}. For any onguration x ∈ {0, 1}Z, build the
onguration cx = ax0ax1 . . . axn . . . Note that cx ∈ Ω. In partiular if
x ∈ CF ∩ {0, 1}
Z
then cx ∈ ΩF . It is easy to see for x, y ∈ {0, 1}
Z
, if x 6= y
then cx 6= cy. 
A ellular automaton F is said to be a ultimately generalized subshift
on U ⊆ SZ is F is a generalized subshift on U and ∀x ∈ SZ, there exists
n = nx ∈ N suh that F
nx(x) ∈ U .
Proposition 15 Non-surjetive NCA in K3 ∩C2 are ultimately generalized
subshifts on ΩF . All surjetive NCA in lass K3∩C2 are generalized subshifts
on CF .
Proof. Consider a NCA F inK3∩C2, we prove that it is a generalized subshift
on ΩF ⊆ CF . Sine F is not equiontinuous for any nite onguration c
either m(F t(c)) or M(F t(c)) is not a onstant funtion. Sine F ∈ C2 there
exists L ∈ N suh that ∀t ∈ N, ℓ
(
F t(c)
)
≤ L. Therefore there exist t1, t2 ≤
SL suh that F t1(F t2(c)) = σt1(F t2(c)). Clearly, ΩF is positively invariant
and, by the above remarks, F is a generalized subshift on it, for otherwise
one an nd a nite onguration in whih m(·) is onstant. Moreover, sine
∀t ∈ N, ℓ
(
F t(c)
)
≤ L, there exists t¯ ∈ N suh that F t¯(c) ∈ ΩF . For the
seond part of the proof remark that surjetive NCA are bijetive on CF (f.
Proposition 12) then ΩF = CF . 
Proposition 16 Let F be an ultimately generalized subshift on U ⊆ CF with
|ΩF | =∞. Then F is sensitive to initial onditions.
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Proof. We prove that they are sensitive to initial onditions on CF , by
Proposition 4 we have the thesis.
Consider a nite onguration c and Bδ the ball of radius δ > 0 entered
on c. Choose an integer n suh that 1
n
< δ. Let t ∈ N be suh that F t(c) ∈
ΩF (by the hypothesis, t always exists). Let nc = max0≤i≤T (c)+t ℓ
(
F i(c)
)
.
Choose x ∈ ΩF . By Lemma 2, without loss of generality we an assume that
the patterns generated by c and x move to the left. Now, hoose h > t suh
thatm(F h(c))+nc < 0. Let nx = max0≤i≤T (x) ℓ
(
F i(c)
)
. Choose k suh that
kT (x) > h+ nx + n and m(F
kT (x)(x)) = 0. Finally, build the onguration
w = c ⊕ σkT (x)(x), where ⊕ is the usual bit-wise or operation. Is is not
diult to see that d(c, w) < δ and d(F kT (x)(c), F kT (x)(w)) ≥ 1. Sine c and
δ were hosen arbitrarily we onlude that F is sensible to initial onditions.

The following orollary is an immediate onsequene of Propositions 16
and 15.
Corollary 1 NCA of lass C2 that are ultimately subshift on U ⊆ CF are
sensitive to initial onditions.
4.3 Examples
This setion proposes several examples whih illustrate representative be-
haviors in eah lass.
Example 1 (Class K1 ∩ C2 is not empty)
K1 ∩ C2 ontains the identity ellular automaton.
Example 2 (Class K3 ∩ C2 is not empty)
Consider the NCA with the following loal rule f on the alphabet S = {0, 1}:
(x, y, z) 000 001 010 011 100 101 110 111
f(x, y, z) 0 0 0 1 1 1 0 1
Rule f is alled rule 184 in [4℄ and it often given an elementary example of
ar tra modeling: symbols 1's are ars moving on a highway (0's). When
a 1 nds a 0 on its right (that a free path on the highway) it moves one ell
to the right. If the ell is not free then it waits. 
Example 3 (Class K2 ∩ C3 is not empty)
Consider the following loal rule f on the alphabet S = {0, 1, 2}:
(x) 2a 1b 12 0a
f(x) 2 b 1 0
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where a ∈ A and b ∈ {0, 1}. Let F be the global rule indued by f . It is lear
that W = 2 is a bloking word. Dene three ongurations c, d, e respetively
as c(0) = 2, c(1) = 1, 0 otherwise; d(0) = 1, d(1) = 2, 0 otherwise; and
e(−1) = 1, c(0) = 0, c(1) = 2, 0 otherwise. Sine sup
t∈N
ℓ
(
F t(c)
)
= ∞ and
F−1(d) = {d, e}, by Moore-Myhill theorem [19, 22℄, F is not surjetive and
hene not regular. Finally, sine 0 is not an equiontinuity point we have
that F ∈ K2 ∩ C3. 
Cellular automata in lass K3 ∩ C3 seems to have a more rih variety
of behaviors than other lasses; as a onsequene is muh more diult to
have lear-ut situations: we an have system of partiles with delayed prop-
agation (Example 4) and others in whih partiles ross eah other without
interation (Example 5). We also underline that it is exatly in this lass that
reversible NCA apable of universal omputation have been found [20, 21℄.
Example 4 (Class K3 ∩ C3 is not empty)
Consider the NCA with the following loal rule f on the alphabet S =
{0, 1, 2}:
(x, y, z) 00b 002 01a 02a 10a 11a
f(x, y, z) 0 2 a 0 1 a
and
(x, y, z) 12a 20b 202 21a 22a
f(x, y, z) 1 0 2 a 2
One an verify that for any nite onguration c there exists a time t¯ suh
that for any t ≥ t¯, F t(c) is suh that all symbols 1 (if any) are on the
positive oordinates, while symbols of type 2 are on the negative part. 1's
and 2's propagate in opposite diretions. Normally type 2 symbols propagate
at speed 1 to the left (one unit displaement per time unit). This speed
redues of one half if 2 enounters a 1 like in 102; in a sense type 1's symbols
have preedene over 2's. Therefore for any ǫ > 0 hoose n¯ ∈ N suh that
1
n¯
≤ ǫ ≤ 1
n¯−1 . Construt the following onguration c¯ as follows:
∀i ∈ Z, c¯(i) =


c(i) if m(c) ≤ i ≤M(c)
2 i = max {n¯, t¯}
0 otherwise .
Then there exists h ≤ 2max {n¯, t¯} suh that d(F h(c), F h(c¯))
= 1. From the fat that d(c, c¯) ≤ ǫ and Proposition 4 we have that F is
sensitive to initial onditions. Note that F is not surjetive sine its restri-
tion to ongurations on the alphabet {0, 1} oinides with elementary rule
184 of Example 2 whih is not surjetive. 
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Example 5 Consider a system whih desribes the interation of two par-
tiles (denoted by 1 and 2) in a neutral media (symbols 0). Partiles of type
1 move left to right while type 2 move in the opposite diretion. A symbol 3
denotes the presene of a partile of type 2 and one of type 1 on the same
site. These elementary rules are formalized by the following loal rule:
(x, y, z) 0xa 1xa 2xa 3xa
f(x, y, z) 0 1 0 1
and
(x, y, z) 0xb 1xb 2xb 3xb
f(x, y, z) 2 3 2 3
where a ∈ {0, 1}, b ∈ {2, 3} and x ∈ {1, 2, 3, 4}.
It is easy to see that F is injetive and hene its restrition to spatial
periodi onguration is injetive (see [11℄). The last property implies that
F is regular. F is also transitive. In fat, for any nite onguration x =
x−k . . . x−k+h (k, h ∈ N) onstrut a onguration y suh that for −k− h ≤
i < −k, y(i) = 1 or 3 if x(i + h) = 1, y(i) = 0 otherwise. Moreover
for −k + h < i ≤ −k + 2h let y(i) = 2 if x(i − h) = 2 or 3. Remark
that F h(y) = x. For any pair of ylinders C1 = C(w−k, . . . , w−k+h) and
C2 = C(z−g, . . . , z−g+n) (k, h, g, n ∈ N). Choose c ∈ C1. Let t be suh that
m(F t(c)) < −g + h and M(F t(c)) > −g + n + h. Dene d suh that for
−g ≤ i ≤ −g + n, d(i) = zi. Moreover, for m(F
t(c)) ≤ i ≤ m(F t(c)) + h
let d(i) = 1 if wi−m(F t(c)) = 1 or 3; for M(F
t(c)) − h ≤ i ≤ M(F t(c)) let
d(i) = 2 if wi−M(F t(c)) = 2 or 3. Finally, d(i) = 0 in all other ases. By
onstrution d ∈ C2. Using previous remark one an see that F
t(d)(j) = wj
for −k ≤ j ≤ −k + h, that is to say that F t(d) ∈ C1. 
Table 1 summarizes the situation.
C1 C2 C3
K1 ∅ (Prop. 6) Example 1 ∅ (Prop. 7)
K2 ∅ (Prop. 6) ∅ (Prop. 11) Example 3
K3 ∅ (Prop. 6) Example 2 Example 4
K4 ∅ (Prop. 5) ∅ (Prop. 5) ∅ (Prop. 5)
Table 1: NCA in K·rka's and Cattaneo's lassiations.
5 Conlusions and open problems
The paper disusses three formulations of the notion of being number-onser-
ving whih have arisen in reent works on the study of physial phenomena
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ruled by onservation laws of mass or energy. We have proved that all these
formulations are equivalent and we have given another equivalent denition
in terms of density.
Moreover, we have given a linear time algorithm for deiding if a CA
(of any dimension and any state set) is number onserving. We stress that
the linearity of the algorithm is something rather surprising sine most of
the interesting strutural or dynamial properties of CA are known to be
undeidable.
The strong onstraints imposed by number-onservation simplies the
study of asymptoti evolutions. Results an be onveniently interpreted in
terms of partiles system. Class K1 ∩C3 is omposed by systems with non-
moving partiles. In lass K3 ∩C2 we nd systems in whih partiles move
along only one diretion with idential speed (of ourse speed may vary
from system to system). Systems in lass K2 ∩ C3 allow partiles in many
dierent diretions (possibly opposite) with the peuliarity that partiles
have bloking ollisions. Finally, systems in lass K3 ∩ C3 have the same
properties as those in lass K2 ∩C3 but with non-bloking ollisions.
Although many aspets have been understood there are still many inter-
esting open problems that we think they worth further study. For example,
we have already said that surjetivity property is undeidable for CA in
general. But maybe it turns out to be deidable for the sub-lass of NCA.
Surjetivity plays a prominent role in the study of CA dynamis sine it is a
neessary ondition (for example) for many popular denitions of haoti dy-
namis. In Setion 4.2 we have found that, with exeption for lass K3 ∩C3,
surjetivity is equivalent to the property of having a dense set of periodi
points (again, this last property is one of the omponent of Devaney's de-
nition of haos). For lass K3 ∩C3 we do not know if this property holds or
not.
Referenes
[1℄ F. Blanhard and P. Tisseur. Some properties of ellular automata with
equiontinuity points. Annales de l'Instute Henri Poinaré, to appear,
2001.
[2℄ P. Blanhard. Complex analyti dynamis on the Riemaniann sphere.
Bulletin of the Amerian Mathematial Soiety, 11:85141, 1984.
[3℄ N. Boara and H. Fuk±. Cellular automaton rules onserving the num-
ber of ative sites. Journal of Physis A: math. gen., 31:60076018,
1998.
[4℄ N. Boara and H. Fuk±. Number-onserving ellular automaton rules.
Fundamenta Informatiae, to appear, 2001.
22
[5℄ G. Braga, G. Cattaneo, P. Flohini, and G. Mauri. Complex haoti
behaviour of a lass of subshift ellular automata. Complex Systems,
7:269296, 1993.
[6℄ G. Braga, G. Cattaneo, P. Flohini, and C. Q. Vogliotti. Pattern
growth in elementary ellular automata. Theoretial omputer siene,
145:126, 1995.
[7℄ G. Cattaneo and L. Margara. Generalized sub-shifts in elementary el-
lular automata: the strange ase of haoti rule 180. Theoretial Com-
puter Siene, 201:171187, 1998.
[8℄ J. Cervelle and B. Durand. Tilings: Reursivity and regularity. In
STACS'00, volume 1770 of Leture Notes in Computer Siene. Springer
Verlag, 2000.
[9℄ R. L. Devaney. Introdution to haoti dynamial systems. Addison-
Wesley, seond edition, 1989.
[10℄ B. Durand. The surjetivity problem for 2D ellular automata. Journal
of Computer and Systems Siene, 49(3):718725, 1994.
[11℄ B. Durand. Global properties of ellular automata. In E. Goles and
S. Martinez, editors, Cellular Automata and Complex Systems. Kluwer,
1998.
[12℄ E. Glasner and B. Weiss. Sensitive dependene on initial onditions.
Nonlinearity, 6:10671075, 1993.
[13℄ H. Gutowitz, editor. Cellular automata: Theory and Experiments, Am-
sterdam. North-Holland, 1990.
[14℄ G. A. Hedlund. Endomorphism and automorphism of the shift dynam-
ial system. Mathematial System Theory, 3:320375, 1969.
[15℄ J. Kari. Reversibility and surjetivity problems of ellular automata.
Journal of Computer and System Sienes, 48:149182, 1994.
[16℄ J. Kari. Rie's theorem for the limit set of ellular automata. Theoretial
Computer Siene, 127(2):229254, 1994.
[17℄ C. Knudsen. Chaos without nonperiodiity. Amerian Mathematial
Montly, 101:563565, 1994.
[18℄ P. Kurka. Languages, equiontinuity and attrators in ellular au-
tomata. Ergodi Theory & Dynamial Systems, 17:417433, 1997.
[19℄ E. Moore. Mahine models of selfreprodution. Pro. Symp. Apl.
Math., 14:1333, 1962.
23
[20℄ K. Morita and K. Imai. Number-onserving reversible ellular automata
and their omputation universality. In Satellite Workshop on Cellular
Automata MFCS'98, pages 5168, 1998.
[21℄ K. Morita, Y. Tojima, and K. Imai. A simple omputer embedded in
a reversible and number-onserving 2d ellular spae. In Pro. of LA
Symposium'99, 1999.
[22℄ J. Myhill. The onverse to Moore's garden-of-eden theorem. Pro. Am.
Math. So., 14:685686, 1963.
[23℄ S. M. N. Boara, E. Goles and P. Pio, editors. Cellular Automata
and Cooperative Phenomena, Dordreht. Kluwer, 1993.
[24℄ K. Nagel and M. Shrekenberg. A ellular automaton for freeway tra.
Journal of Physis I, 2:22212229, 1992.
[25℄ G. V. P. Manneville, N. Boara and R. B. eds. Cellular automata and
modeling of omplex systems. In Workshop Les Houhes, Heidelberg.
Springer-Verlag, 1989.
[26℄ R. S. S. Bandini and F. S. L. eds. Cellular automata: Researh towards
industry. In Third Conferene on Cellular Automata for Researh and
Industry, Heidelberg. Springer-Verlag, 1998.
[27℄ M. A. Shereshevsky. Expansiveness, entropy and polynomial growth
for maps ating on subshifts by automorphisms. Indag. Math. N. S.,
4:203210, 1993.
[28℄ S. Wolfram. Theory and Appliations of Cellular Automata. World
Sienti, Singapore, 1986.
24
